We investigate the Standard Model in the nearly conformal limit, in which conformal symmetry is broken only by the dilatation anomaly, through a hierarchy of anomalous Ward identities for the divergence of its dilatation current. In this approximation, the identities allow to extract the coupling of the dilaton to the trace anomaly, which we compute up to the quartic order in the conformal breaking scale. Our approach can be easily extended to discuss the anomaly contributions to the dilaton effective action to an arbitrarily high order. They allow to make a distinction between the Higgs and a dilaton at a phenomenological level.
Introduction
The possibility that the Standard Model be characterized at high energy by a nearly conformal dynamics has motivated several investigations spanning considerable time [1, 2, 3, 4, 5] . If not for a quadratic term present in the Higgs potential, the model would in fact enjoy a dilatation symmetry which is broken by the vev of the Higgs field in the process of spontaneous symmetry breaking.
A dilaton couples to the trace of the energy momentum tensor (EMT) T µ µ , and the coupling is affected by a trace anomaly. The trace anomaly equation plays a key role in characterizing the dynamics of the dilaton interactions, with a breaking of the dilatation symmetry which is enforced by two different contributions. They can be easily identified from the structure of the corresponding Ward identity satisfied by the dilaton (ρ)V V vertex [6] , with V denoting a neutral (or charged) vector current, but also of higher vertices, such as the cubic and quartic dilaton interactions, which are part of the dilaton effective action. One specific contribution is the coupling of the dilaton to the anomaly, the second one being related to explicit mass terms generated at the electroweak scale. In fact, the basic trace anomaly equation which takes the role of the generating functional of all the Ward identities satisfied by the dilaton vertices is given by
with denoting a functional average, where the anomalous (A(z, g αβ )) and the explicit ( T µν (z) ) contributions are clearly separated. g αβ denotes the generic background metric which characterizes the anomalous contribution and which will be discussed in more detail below, when we will take the flat background limit. Gravity, in this case, plays simply an auxiliary role, since one takes the flat limit in all the hierarchical Ward identities which are obtained from (1) after the functional differentiations. The goal of this work is to stress on some specific features of the dilaton effective action which follow up from (1) and which are related to the anomalous structure of the anomalous contributions. In particular, in a nearly conformal phase of the Standard Model, which can be approximated by an exact SU (3) × SU (2) × U (1) Y gauge theory, cubic and quartic contributions to the dilaton dynamics are essentially fixed by the anomaly and can be extracted, with some effort, from a diagrammatic analysis of (1) expanded up to the fourth order in the metric. This is the approach that we will be following in our case and on which we are going to elaborate. In particular we will present the expressions of such contributions. These interactions set a key distinction between a Higgs and a dilaton at all orders, being the Higgs not affected by the scale anomaly, and can provide the basis for a direct phenomenological analysis of possible dilaton interactions at the LHC.
Anomalous interactions from the Ward identities
To illustrate the role of the anomaly in a more direct way and its possible significance in setting a distinction between the Higgs and the dilaton, we recall that the interaction Lagrangian of the dilaton ρ with the Standard Model fields is given by
where Λ ρ is the conformal breaking scale which remains a free parameter of the effective action. We introduce the ordinary definition of the energy-momentum tensor (EMT) of the Standard Model in terms of the quantum action S, so that its quantum average is
(with det g µν (z) ≡ g z ) where W is the Euclidean generating functional of the theory. W depends, in general, from the background metric g µν (x) defined as
The identification of the anomaly contributions to the dilaton interaction, on general grounds, requires an analysis of the anomalous Ward identities satisfied by the respective correlators. In this work we will concentrate on the extraction of the anomalous contribution to the quartic dilaton interactions, using as a fundamental scenario the Standard Model in the unbroken phase (i.e. with v → 0).
In this approximation explicit trace insertions vanish for on-shell massless final states (i.e. for gauge fields), and we neglect all the contributions related both to the Higgs and to virtual corrections with a massive dilaton in the loops. In the same limit all the mixing contributions related to a possible term of improvement are not present [6] and the computation of the anomalous terms amounts to the extraction of some finite parts.
Explicit (i.e. non anomalous) corrections, also present in the fundamental Ward identity, are calculable, but they are model dependent. In fact, they require the introduction of some extra potential for the dilaton/Higgs system. Its form has necessarily to rely on extra assumptions, such as the specific choice of breaking of the conformal symmetry. They are obtained by inserting the trace (T ≡ T µ µ ) operator on generic correlators involving all the fields of the Standard Model (plus other dilaton lines). In the conformal limit such contributions, which have been discussed in [6] in the case of a single dilaton, drop out and the computations simplify considerably. In this approximation the breaking of the dilatation symmetry does not contain any explicit scale-dependent term, and it is only due to the anomaly, which is induced by renormalization. We call this approximation "nearly conformal".
As we have pointed out before [6] , the breaking of the dilatation symmetry shows up, at a perturbative level, with the appearance of a massless pole in the J D V V correlator in the neutral and charged current sectors of the theory, with a residue which is proportional to a specific beta-function of the theory, related to the final state. This takes the role of a Nambu-Goldstone mode of the broken dilatation symmetry and it has been shown to affect each gauge invariant sector of the dilaton-to-two gauge bosons matrix elements.
To extract the anomalous contributions of the higher order interactions shown in Fig. 1 we start from the explicit expression of the anomaly, which in d = 4 is given by [7] , [8] A(z, g αβ ) contains the invariants built out of the Riemann tensor, R α βγδ , as well as the Ricci tensor R αβ and the scalar curvature R. G and F in Eq. (6) are the Euler density and the square of the Weyl tensor respectively. They are given by
and
with coefficients β a , β b , β c and β d which depend on the field content of the Lagrangian (fermion, scalar, vector) and we have a multiplicity factor n I for each particle species. The coefficient of R 2 must vanish identically (β d ≡ 0) since a non-zero R 2 in this basis cannot be obtained from any effective action. In addition, the value of β c is regularization dependent, corresponding to the fact that it can be changed by the addition of an arbitrary local R 2 term in the effective action. The values given in Table (1) are those obtained in dimensional regularization, in which the relation β c = −2/3 β a is found to hold. Thus only β a and β b correspond to true anomalies in the trace of the EMT. In Table 1 we list the values of the coefficients for three theories of spin 0, 1 2 , 1, that we are going to consider in the paper. In terms of the generating functional the fundamental trace anomaly equation can be rewritten in the form
and plays the role of a generating functional for the anomalous Ward identities of any underlying Lagrangian field theory being, therefore, model independent. From (9) we can extract several identities satisfied by the anomaly term, for correlators involving n insertions of energy momentum tensors, by performing n functional derivatives with respect to the metric of both sides of (9) and taking the trace of the result at the end.
EMT's and Correlators
In perturbation theory, imposing the conservation Ward identity for the EMT and the Ward identities for the vector currents -whenever these are present -is sufficient to obtain the corresponding anomalous term from the complete diagrammatic expansion. In particular, in dimensional regularization, the anomaly comes for free at the end of the computations, but this is a demanding job.
In the case of the T V V , for instance, it is a common practice to perform a direct computation, since only one term (∼ F a µν (z) F a µν (z)) can appear in the anomaly. We have omitted it in (6), since our analysis is focused on the anomaly-induced radiative corrections to correlators involving only dilaton self-interactions. A general discussion of contributions containing neutral currents (the T V V vertex) has been given in [9, 6] in the Standard Model and in [10, 11] for QED. However, things are far more involved for vertices containing multiple insertions of EMT's, such as the T T T and T T T T , and it is convenient to infer the structure of the anomalous corrections without having to perform a complete diagrammatic analysis. In any case, a successful test of the anomalous Ward identities is crucial in order to secure the correctness of the result of the computation.
As mentioned above, in the nearly conformal limit of the Standard Model, we will need to consider a scalar, an abelian vector and fermion theory coupled to a background gravitational field. In fact the nonabelian character of the theory is not essential in the study of the higher order terms to the dilaton effective action. In this case we can reconstruct the entire contribution to the anomaly from the abelian case by correcting the abelian result just by one extra multiplicity factor.
We will be using Euclidean conventions for the generating functional. The energy-momentum tensors for the theories that we consider are
where V α ν is the vierbein needed to embed the fermion in the gravitational background and the corresponding covariant derivative is It is convenient to define the correlation functions with n external insertions of EMT's, which can be effectively thought as gravitons, as functional derivatives of order n of W, evaluated in the flat limit
We also define the notation
for any functional (or function) F which depends on the background field g µν (x). Denoting with
the vacuum expectation values of each operator, with S the generic action, we obtain
Notice that in dimensional regularization
being proportional to massless tadpoles. In particular, this implies that, to perform a perturbative computation of a correlator of order n, one would be needing interaction vertices with at most n − 1 gravitons. Concerning the diagrammatic structure of each contribution, the correlator
has a box topology;
which is the first contribution to the graviton 3-point function, and
which corresponds to a contact term in T T T T , are represented by triangles. The remaining contributions,
the contact terms T T T , which are
and the two remaining types of diagrams which enter into T T T T ,
have the topologies of 2-point functions. Our conventions for the choice of the external momenta are defined via the Fourier transforms
and similar for the 3-and 2-point functions. We will be taking all momenta to be incoming.
Ward identities
We start from the analysis of the general covariance Ward identites. These are obtained from the functional relation
which after an expansion becomes
Cancelling the secod and fourth terms in parentheses, (30) takes the simpler form
The Ward identities we are interested in are obtained by functional differentiation of (31) and give
for single
double, and
triple differentiations of the master equation (29). In the Ward identity satisfied by the 4-point function we have left implicit the contributions obtained by permuting the action of the functional derivatives. To move to the flat spacetime limit of (32) and (33), we use the notations in (14) and set to zero the contributions from the massless tadpoles, obtaining
which after some manipulations give the transversality constraint for the 2-point functions and
Similarly, in the case of the 4-point function T T T T , using (28) we obtain
Similar identities are obtained for the momenta of the other external gravitons.
Counterterms
Coming to a discussion of the counterterms to the 4-dilaton amplitude, these are obtained from the one-loop Lagrangian which accounts for the gravitational counterterms to pure graviton amplitudes
with ǫ = 4 − d, containing the squared Weyl tensor F and the Euler density, defined above. In the case of the 4-graviton vertex the counterterm action (40) generates the vertices
where
and similarly for the 2-and 3-point correlators. The functional derivation of such integrals, limited to 3-point functions, has been detailed in [12] . Using these expressions, the fully renormalized 2-, 3-and 4-point correlators in momentum space can be written down as
From these relations and from (38), (39) it is clear that counterterms must be related by the same general covariance Ward identities which relate the bare correlators. One can also separately check these identites for the F-and Gcounterterms just by writing them down and equating the coefficients of β a and β b . We omit the explicit forms of the counterterms, which are necessary in order to test all these constraints, that we have checked for consistency.
Anomalous trace identities
Anomalous Ward identities for the Green functions at hand are obtained through the functional differentiation of (9), passing to the flat space limit and using the definition (13). A complex computation gives
The explicit expressions of the multiple functional derivatives of the various operators in square bracket ([ ]) are very lengthy and we omit them. At this stage we can extract from (47) four trace-identities (one for each graviton) for the counterterms of the 4-point functions (42) and (43), relating them to their corresponding 2-and 3-point ones. All these counterterms have been indipendently tested through general covariance Ward identities. This approach allows to check also the structure of the anomaly contributions to the 4-point function, and in fact it is used to deduce the form of the quartic dilaton interactions. The identity is
where the superscript d is there to indicate that the trace has to be taken in d = 4 − ǫ dimensions. and CMS. In fact, the Standard Model, in the limit in which we drop the Higgs mass, is conformally invariant at high energy, with a breaking of scale invariance, in this limit, which is related only to the trace anomaly, because of renormalization. The anomalous coupling of the dilaton is responsible for setting a remarkable difference between this state and the Higgs, a property which remains valid -with no distinction -even if the dilaton is assumed to be a fundamental or a composite scalar or a graviscalar. We have shown that the anomalous corrections at any order to the dilaton effective action, in the conformal limit, can be extracted from a general (and model independent) analysis of the Ward identities, with no further input. We have illustrated the approach up to the quartic order.
Three and four dilaton interactions from the trace anomaly

